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Abstract. We show that on an NTA domain if each tangent measure to harmonic 
measure at a point is a polynomial harmonic measure then the associated polynomials 
are homogeneous. Geometric information for solutions of a two-phase free boundary 
problem studied by Kenig and Toro is derived. 



1. Introduction 

In this paper we use tools from geometric measure theory to catalog fine behavior of 
harmonic measure on a class of two-sided domains Q C M. n , n > 3. Roughly stated we 
address the following question. What does a boundary look like if it looks the the same 
(in terms of harmonic measure) from the interior and from the exterior of a domain? More 
precisely, if Q is 2-sided NTA what conditions does dQ satisfy when harmonic measure uo + 
on the interior Q + = Q and harmonic measure uj~ on the exterior Q~ = M. n \Q are mutually 
absolutely continuous? In [TT] , Kenig and Toro examine this question under the additional 
hypothesis that the Radon-Nikodym derivative / = du~ /duj + has log/ G VMO(gL> + ). 
They show that for every point Q G dfl and sequence of scales j there is a subsequence 
(which we relabel) and a harmonic polynomial h : M. n — > M such that 

(1.1) — — > /i _1 (0) in Hausdorff distance uniformly on compact sets. 



One may hope that only linear polynomials h appear in (1.1), i.e. that the boundary is 
always flat on small scales; however, there are examples of domains with u + < <C uj + 
and log / G C°°(dQ) for which non-linear polynomials h appear (see Example 1.4 below). 
The method in [TT] relates the geometric blow-ups of the boundary to tangent measures 
of the harmonic measure. Thus information about the free boundary may be obtained 
by studying tangent measures of harmonic measure — this is our strategy for the question 



above. To identify the polynomials appearing in ( 1.1 ), we study properties of "polynomial 
harmonic measures" in the topology of weak convergence of Radon measures of M. n . We 
prove that only homogeneous harmonic polynomials arise in blow-ups of the boundary. 

For any harmonic polynomial h : IR n — > K, the positive and negative parts h^ 1 of h are 
Green functions with pole at infinity for the unbounded open sets {x G M. n : /i ± (x) > 0}. 
The harmonic measure Uh associated to h is the unique harmonic measure with pole at 
infinity on Q± = {/i ± > 0} with Green function h ± . That is, for all <p G C£° (R n ), 

(1.2) / <pdu h = / h + Aip = / h'Aip. 

J{h=o} Jn+ Ja.- 
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Alternatively, by a result of Hardt and Simon [5], the zero set /i -1 (0) = <9f2^ of a harmonic 
polynomial is smooth away from a rectifiable subset of Hausdorff dimension at most n — 2. 
Hence there exists a unique outward unit normal u ± on d£lf at almost every point with 



respect to the surface measure a = Ti n 1 l_ {h = 0} and (1.2) is equivalent to 

dh + dhr 

(1.3) duj h = -T—da = -- — da 

av + av~ 

by the generalized Gauss-Green theorem. In the sequel, we focus on two collections of 
polynomial harmonic measures that arise as tangent measures of harmonic measure on 
2-sided NTA domains examined in [TT] and [8]. (See §2, §5 and §6 below for definitions 
of tangent measures, NTA and 2-sided NTA domains, respectively.) 
Set 

(1.4) Vd = {uJh '■ h is a non-zero harmonic polynomial of degree < d and h(0) = 0}, 

(1.5) Th = {^h '■ h is a homogenous harmonic polynomial of degree k}. 

By convention we will use d for the degree of any non-zero polynomial, but reserve k for 
the degree of a homogeneous polynomial. If 1 < k < d, note that jF fe C Vd- When k = 1 
the family T\ is the collection of in — l)-flat measures in IR n , i.e. Hausdorff measures 
restricted to codimension 1 hyperplanes through the origin. 

Our main objective is to exhibit a "self-improving" property of the tangent measures 
Tan(u;, Q) of harmonic measure u at a point Q in the boundary of an NTA domain Q. 



Because Tan(u;, Q) is independent of the choice of pole for to (see Remark 5.8), we omit 



the pole from the notation. If Q is unbounded, u may have a finite pole or pole at infinity. 

Theorem 1.1. Let Q C W 1 be a NTA domain with harmonic measure uj. If Q 6 dVL and 
Tan(u;, Q) C Vd, then Tan(u;, Q) C for some 1 < k < d. 



The proof of the Theorem LI illustrates the versatility of a powerful technique from 
geometric measure theory. Tangent measures are a tool that encode information about the 
support of a measure, similar to how derivatives describe the local behavior of functions. 



A remarkable feature is that under general conditions (Theorem 2.12) the cone of tangent 
measures at a point is connected. This fact lies at the core of Preiss' celebrated paper 
on rectifiability |l5j and recently enabled Kenig, Preiss and Toro [8] to compute the 
Hausdorff dimension of harmonic measure on 2-sided NTA domains with uo + Cw" < uo + . 
(To appreciate the second result, we invite the reader to compare Theorem 1.2 with the 
dimension of harmonic measure on Wolff snowflakes [IT], [12J.) 

Theorem 1.2 ([8] Theorem 4.3). Let Q C R n be a 2-sided NTA domain. If harmonic 
measure uj + on the interior Q + = Q and harmonic measure uj~ on the exterior Q~ = W n \Q 
of Q are mutually absolutely continuous, then the Hausdorff dimension of is n — 1. 
Recall this means there exists a subset S C dQ such that dim E = n—1 and c<j =l: ((9fi\S) = 0; 
moreover, if A C dfl and dim A < n — 1 then ^(dQ \A) > 0. 

In previous instances, connectedness was applied to conclude that the tangent measures 
of a certain measure (at a.e. point) belong to the cone of flat measures T\. The authors 
in [8] express an opinion that the connectedness of tangent measures "should be useful in 
other situations where questions of size and structure of the support of a measure arise." 
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To our knowledge the proof of Theorem 1.1 is the first use of this technique to show that 
the tangent measures of a measure at a point live in a cone of measures other than T\. 

Stated in the language of tangent measures, Kenig and Toro proved in [UJ that there 
exists d > 1 such that Tan(a; ± ,Q) C Vd for every Q G dfl. Applying Theorem 1.1 we 
obtain a refined description of the free boundary. Zooming in along any sequence of scales 
at a point in the boundary, on a domain satisfying the hypotheses of Theorem 1.3, we 
see the zero set of a homogeneous harmonic polynomial. The degree of the polynomial is 
uniquely determined at each point. 

Theorem 1.3. Let Q C lR n be a 2-sided NTA domain with harmonic measure u + on 
the interior Q + = Q and harmonic measure u~ on the exterior Q~ = IR n \ Q of Q. 
Assume that u + and uj~ are mutually absolutely continuous and f = duj~ /duj + satisfies 
log / G VMO(dw + ). Then there exists d>l depending on n and the NTA constants ofQ 
and pairwise disjoint sets T\, . . . , Td such that 

(1.6) dtt = T 1 U---UT d . 

For each Q eT k and each sequence j 0, there exists a subsequence (which we relabel) 
and a homogeneous harmonic polynomial h : R n — > M. of degree k such that 

(1.7) — — > /i _1 (0) in Hausdorff distance uniformly on compact sets. 

Moreover, the domains {hj^ > 0} are unbounded 2-sided NTA and ^(dQ \ r x ) = 0. 

Example 1.4. In [T3] Lewy shows that for n = 3 there exists a spherical harmonic 
(homogeneous harmonic polynomial) of degree k whose nodal set divides S 2 into two 
components if and only if k is odd. An explicit example (see Figure 1) is given by 

(1.8) h(x, y, z) = x 2 (y — z) + y 2 (z — x) + z 2 {x — y) — xyz. 

The domain fi = {/i>0}isa 2-sided NTA domain such that for harmonic measures 
lj + = with pole at infinity log / = and G T 3 . Thus, for all n > 3, it is possible 
that dQ \ Ti is non-empty and dim<9f2 \ Ti > n — 3. We do not know if an upper bound 
on the Hausdorff dimension of dVt \ T\ holds in general. For instance, is it always true 
that dim dVt\Y x < n - 1? 

In the plane (n = 2) it is known that dQ = Ti, see Remark 4.3 in [11] for details. H 
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The paper is organized as follows. In §2 we provide an introduction to tangent measures 
and related concepts in the general setting of Radon measures on IR n . The notation 
established in this section is used pervasively throughout the paper. Our review concludes 
with an important criterion for connectedness of tangent measures. Here is the rough 
scheme. Suppose that M. and T are cones of non-zero Radon measures such that T C A4. 
Furthermore suppose that the set of tangent measures Tan(/i, x) of a Radon measure \i 
at point x G M n belongs to M.. Under a pair of conditions on JF and Ai (see Theorem 



2.12) the tangent measures Tan(/i, x) are connected relative to T\ if one tangent measure 
of ii at x belongs to J 7 , then all tangent measures of /i at x belong to T. While one 
condition (compactness of JF and Ai) is routinely checked, verifying the second condition 
(separation of T and Ai \ J 7 ) requires work and must be adapted to each situation. 

Sections 3 through 5 form the core of the paper. In §3 we establish inequalities for 
uniformly bounded spherical harmonics (homogeneous harmonic polynomials restricted 
to the unit sphere) which depend only on the dimension and degree of the polynomial. 



In particular, Corollary 3J3 is crucial for proving uniform lower estimates for harmonic 
measures associated to harmonic polynomials of a given degree. 

Section 4 studies polynomial harmonic measures in the framework of §2, focusing on 
properties which hold independently of assumptions on the underlying domain such as 
number of components or non-tangential accessibility. The central idea is to consider the 
rate of doubling at infinity of the measures uj h , i.e. the quantity Uh(B(0, rr))/u h {B(0, r)) 
as r — > oo as a function of r > 1. We show that 

(1.9) ^(i?(0,rr)) ^ ^ n+d _ 2 ^ r for eyery T>1 

u h {B(0,r)) 



where d = deg h and the implied constants for the lower and upper bounds in ( 1.9 ) depend 
only on n and d. Similar bounds for u}h(B(0,Tr))/u)h{B(0,r)) as r — > are also obtained. 
Section 5 is devoted to the proof of Theorem 1.1| To start we recall the definition of 



non-tangentially accessible domains and two useful features of their harmonic measures. 
The proof of Theorem 1.1 then proceeds in two steps. Suppose that Tan(u;, Q) C Vd at 
some Q G dfl. Our goal is to show Tan(u;, Q) C Tk for some 1 < k < d. First we apply a 
blow-up procedure from [10] to identify a degree k = k(Q) such that Tan(cj, Q) n ^ 0. 
Second we use the doubling property of harmonic measure on NTA domains |6j and 



results from section 4 to invoke Theorem 2.12 with T = Th and Ai = Tan(uj,Q) U T^- 
The connectedness criterion implies that every tangent measure of uj at Q belongs to T^. 



In §6, we derive Theorem 1 1.3 on homogeneous blow-ups of the boundary of a domain. 



In addition to Theorem 1.1, we require a blow-up procedure for 2-sided NTA domains 
from [TT] and the fact that at almost every point translations of tangent measures are 



tangent measures. We end by interpreting the decomposition (1.6) in Theorem 1.3 from 
the measure theoretic viewpoint of §2. 



2. Geometric Measure Theory Ingredients 

Tangent measures and cones of measures were introduced in [15], where Preiss proved 
that measures on IR ra with positive and finite m-density almost every are m-rectifiable. 
Here we collect definitions, notation and basic properties of weak convergence of Radon 
measures, tangent measures and cones of measures which are used throughout the sequel. 
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Much of this material may be found in textbooks of Mattila [H] or Falconer jl]; also 
see the recent exposition of Preiss' proof by DeLellis [1]. The criterion to check the 



connectedness of tangent measures (Theorem 2.12) is taken from Kenig-Preiss-Toro [8]. 
Where notations differ across these sources, we adopt the original notation of [T5]. (The 
two novel features of this review are our definition of F r and the explicit statement of 
Lemma 2.6.) 

Let B(x,r) denote the closed ball with center x G W 1 and radius r > 0. We use the 
abbreviation B r = 5(0, r) for all r > 0. Note that dB\ = S 1 " -1 , the unit sphere in IR n . 

A Radon measure fi on IR n is a positive Borel regular outer measure on M n that is finite 
on compact sets. A sequence (/ij)iSa of Radon measures on W 1 converges weakly to a 
Radon measure /i, written fa — ^ /x, provided 

(2.1) lim / fdfa = [ fdfx for all / G C c (W n ). 

t^oo J J 



Of course, to test for weak convergence one only needs to check that (2.1 ) holds on a class 
of functions smaller than C c (IR n ); for example, either C£°(R n ) or Lip c (IR ri ) suffice. Below 
we require a quantitative version of weak convergence. To capture the idea that fa — v \i 
exactly when fa "gets close to" \i on the ball B r for every (large) r > 0, we introduce a 
family of semi-metrics. 

Let fj, be a Radon measure on W 1 , and for each r > define 



(2.2) F r (ji) = / n(B e )ds. 

Jo 

Since a Radon measure is locally finite, F r (fi) < oo for all r > 0. In fact, 

(2.3) ^{Br/2) < F r {fi) < rn{B r ) for all r > 0. 
If n and v are Radon measures and r > 0, we set 



(2.4) F r O,z/) = sup 



fdfj,- / fdv 



/>0,Lip/<l,spt/c£ r 



where Lip/ and spt/ denote the Lipschitz constant and the support of a function /, 
respectively. As an easy exercise one checks F r is a semi-metric on the set of Radon 
measures on M n and a metric on the subset of measures supported in B r . If r < s then 
F r (/j,, u) < F s (n, v). Also notice that F r (/x,0) = F T {p). Indeed 



F r (ji, 0) = / dist(z, R n \ B r )dfx(z) = fi{z : dist(z, R n \ B r ) > s}ds 

Icy r\ J JO 

y^'^J pr pr pr 

= / fi{z : dist(z,R n \B r ) > s}ds = / fi(B r _ s )ds = / fi(B s )ds. 
Jo Jo Jo 

We now state the relationship between weak convergence of Radon measures and F r . 

Lemma 2.1 ( |14j Lemma 14.13). Suppose that /i,/ii,/i2, • • • are Radon measures on M. n . 
Then fa — ^ \i if and only z/lim^oo F r (fa, /i) = for all r > 0. 
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Proposition 2.2 ([15] Proposition 1.12). The Radon measures on IR n admit a complete 
separable metric 

oo 

(2.6) ^2- i min(l,F l (/i, I /)) 

i=l 

whose topology is equivalent to the topology of weak convergence of Radon measures. 

Remark 2.3. The family of semi-metrics F r is related to a distance between probability 
measures in a compact metric space, which is known by various names in the literature. 
If X is a compact metric space, the Kantorovich-Rubinstein formula 



(2.7) 



sup | J fd(/J, - v) : Lip/ < 1 j 



defines a complete separable metric on the space of probability measures on X whose 
topology is equivalent to the weak convergence of probability measures [7]. For further 
discussion we refer the reader to the bibliographical notes in Chapter 6 of [TS]. H 

Let x G M n and r > 0. We write T Xj1 . for the translation by x and dilation by r, 

T< . ran , ran 
x ^ r . IK — > 1RL , 

(2.8) T x Jy) = V —^- for all y G W l . 

r 

The image measure T^f/i] of a Radon measure //, which acts on a set C M n by 

(2.9) T X M{E) = v(T~r(E)) = n{x + rE), 



is also Radon since T x ^ r is a homeomorphism. In the case E = Bi, we interpret (2.9) 
as saying T x r [/i] "blows-up" B(x,r) (for r small) to the unit ball B\ in the sense that 
n(B(x,r)) = T Xtr [(j](Bi) . Integration against T Xjr [n] obeys 

(2.10) J f(z)dT x>r [f,)(z) = J f {^A d»(z) 

whenever at least one of the integrals is defined. Let us pause to record a few simple but 
highly useful calculations. 

Lemma 2.4 (Composition Laws). For all x G M. n , for all r, s > and all measures /i, v, 

(1) T- X,TS -^~0,S ° T-X,T7 

(2) T Xyrs [/i} = T 0iS [T x , r [p]}, 

(3) F rs (n) = sF r (T QiS [/!]), 

(4) F rs (ii,v) = sF r (T 0>s [jj],T 0jS [u]). 

We can now present a definition of tangent measure. The basic idea is to take a sequence 
of blow-ups T x ^ n [fi] as rj > shrinks to zero and then normalize by some constants q > 
so that the limit converges. 

Definition 2.5. Let fi be a non-zero Radon measure and let x G spt/x. We say a non-zero 
Radon measure v is a tangent measure of /i at x and write ^ G Tan(/i, x) if there exists 
sequences | and q > such that 

(2.11) CiT X)ri \p] v. 
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The set of tangent measures at a point is non-empty under mild assumptions on the 
measure. For example, if x G sptp and one of the conditions 

• D s (fi, x) = limsup r ^ p(B(x, r))/r s G (0, oo) for some < s < oo 

• limsnp r i n(B(x, 2r))//i(B(x, r)) < oo 

hold, then Tan(/x, x) ^ by the weak compactness of Radon measures. 

Taking blow-ups of a measure at a point is closed in the sense that tangent measures 
to tangent measures are tangent measures. We need two formulations of this principle. 

Lemma 2.6. Let p be a non-zero Radon measure and x G sptp. If v G Tan(p, x), then 
Tan(z/, 0) C Tan(p, x). 

Proof. Let p G Tan(z/, 0). Suppose that r i; Sj j and c^cz^ > are sequences such that 
QT^J/i] z/ and diT 0>s .[i>) -± p. Since CiT x . ri [p] -»> z/, lim^K, Fi(ciT x . r . [//], z/) = 0. 
Choose a subsequence (Cjfj), ^y)) of (ci, r i) such that 

(2-12) H°W T *r lU M> v )^)[ji)- 
After relabeling (c»m, r^-)), we may assume that 

(2.13) F 1 (c j T x>rj [p],v)<j(^J. 
Fix r > 0. Since F r is a semi- metric, 

(2.14) F r (cjdjT X)rjS . [p], p) < F r (c j d j T x>rjSj [p], d,-T 0iSj [i/]) + F r (d j TQ )Sj [u],p). 

On one hand, lim^oo F r (djT 0tS . [u], p) = 0, since d,T 0jS [i/] — ^ p. On the other hand, for 
all j sufficiently large such that Sjr < 1, 

F r (<-jdj'r,.r,,, [/j],djT 0)S . [v]) = djF r (T 0tSj [c j T x ^ Tj [//]], T 0)S . [v]) 
(2 ' 15) = <Ij F.-Ac/I],.,-, [p],v) < ' Ij Fi( '■/![,. r , [//], v) < -. 

Sj Sj J 

Hence ]imj- too F r (cjdjT X)rjSj \jj], p) = 0. Since r > was arbitrary, CjdjT XirjSj [p] — p. 
Therefore, Tan(z/, 0) C Tan(/i,x). □ 

Theorem 2.7 ( |14| Theorem 14.16). Le£ p be a non-zero Radon measure. At p-a.e. 
x G sptp the following holds: if v G Tan(p, x) and G sptz/, i/ien 

(1) T Vil [i/] G Tan(p,x), 

(2) Tan(z/, y) C Tan(p,x). 

Proof Sketch. The proof of (1) uses the separability of Radon measures in the topology 
generated by the semi-metrics F r . Statement (2) follows quickly from (1), the composition 



law T y ^ ri \u\ = To^iPj/.iM] and Lemma 2.6. □ 



Next we introduce cones of measures or collections of measures which are invariant 
under scaling. 

Definition 2.8. A collection hA of non-zero Radon measures on W 1 is a cone provided 
whenever ip G M. and c > then cip G M. A cone M. is a d-cone (or dilation invariant) 
if furthermore r/> G and r > imply Tq^^] G M.. We also require that M. ^ 0. 
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The technical advantage of working with dilation invariant cones is a simple observation. 
If Ai is a d-cone of Radon measures, then for all r > there is \i G Ai such that F r {p) > 0. 
Indeed take any ip G Ai. Then F s (ip) > for some s > because if) ^ 0. For any r > 0, 



Since Ai is closed under dilations, ip r = T 0tS / r [i/j] G Ai satisfies F r (ip r ) > 0. In particular, 
since i*i(^>i) > and .M is closed under scaling the following set is non-empty. 

Definition 2.9. The basis of a d-cone Ai is the subset 6 M : Fi(ip) = 1}. 

Lemma 2.10 ([13] Remark 2.1). Let Ai be a d-cone. In the topology of weak convergence 
of Radon measures, Ai is relatively closed (relatively compact) in the collection of all 
non-zero Radon measures if and only if the basis of Ai is closed (compact). 

We are already familiar with the canonical example of a dilation invariant cone. 

Lemma 2.11 ([T5] Remark 2.3). //Tan(/i,x) ^ ; then Tan(yU,x) is a d-cone with a 
closed basis. 

Following [JS] we define a normalized version of F r for the distance of a measure to a 
d-cone of measures as follows. Let r > and suppose a is a measure such that F r (a) > 0. 
If Ai is any d-cone, the "distance" of o to Ai at scale r is given by 



If F r (a) = we set d r (a,Ai) = 1. Our main use for d r is to detect, given a pair of nested 
cones Aii C Ai 2 , if Ai\ is separated from Ai 2 \ Ai\. 

Theorem 2.12 ([8J Corollary 2.1). Let J 7 and Ai be d-cones, T C Ai. Assume that 

(1) Both T and Ai have compact bases, 

(2) There exists eo > such that whenever ip G Ai and d r (ip, J 7 ) < eo for all r > r 
then ip G T . 

If Tan(/x, x) C Ai and Tan(/x, x) fl T ^ 0, then Tan(/x, ar) C JF. 

We end this review with two conditions that ensure a d-cone has a compact basis. 
Additional criterion may be found in [15] . 

Proposition 2.13 ([15] Proposition 2.2). Assume Ai is a d-cone with a closed basis. 
Then Ai has a compact basis if and only if there exists a finite number q > 1 such that 
ip(B(0, 2r)) < qip(B(0, r)) for all tp G M and r > 0. 

Corollary 2.14 ([15] Corollary 2.7). Lei fi be a non-zero Radon measure. If x G spt/x 
and limsup r , fi(B(x, 2r))/ fi(B(x, r)) < oo i/ien Tan(/i,x) nas a compact basis. 



A well known fact about harmonic functions is that derivatives of a function at a point 
are controlled by the L°°-norm of the function in a surrounding ball, in a uniform way 
depending on the distance of the point to the boundary. Starting from local estimates for 
the derivatives of harmonic functions on B 2 at points of S*™ -1 , we derive several inequalities 
for spherical harmonics (homogeneous harmonic polynomials on IR n restricted to S 71 " 1 ) 
of a given degree. 



(2.16) 



F r {T 0iS/r [i/>]) = -F r(9/r) (i/>) = -F.(i/>) > 0. 



(2.17) 




3. Inequalities for Spherical Harmonics 
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Lemma 3.1. Let u be a real-valued harmonic function on B 2 = B(0, 2). For all 9 G S n 1 
and every multi-index a, 

(3.1) \D a u{6)\ < (2 n+1 n\a\)\ a \\\u\\ Loo{dB2) . 

Proof. For example, by Theorem 7 in §2.2 of [2] with r = 1, 

(3-2) \D"u(9)\ < { - ^^\\u\\ LHmi)) 

where u n = £ n (B(0, 1)) denotes the volume of the unit ball in MJ 1 . The claim follows 
since ||u||n(B(e,i)) < UJ n\\u\\L^{B{e,i)) < ^n\\u\\L°°(dB 2 ): where the last inequality holds by 
the maximum principle. □ 

Uniformly bounded spherical harmonics of degree k have a uniform Lipschitz constant. 

Proposition 3.2. Let n > 2 and k > 1. There exists a constant A n , k > 1 such that for 
every homogeneous harmonic polynomial h : W 1 — > K of degree k and every 9±, 9 2 G S 1 ™" 1 , 

(3.3) \h(9 1 ) - h{9 2 )\ < 4»,*IWU»(s»-i)|0i - 9 2 \. 

Proof. Write M = ||/t|| L °°(^-i). If |0i-0 2 | > 1 then \h{9 x ) - h{9 2 )\ < 2M < 2M\9 1 -9 2 \. 



Suppose that \9i — 9 2 \ < 1. By Lemma 3.1 



(3.4) \D a h{9 2 )\ < (2 n+1 n\a\) lal \\h\\ L oo {dB2) = (2 n+1 n|a|) H 2 fe M < {2 n+2 nk) k M 

for every multi-index a with \a\ < k, where ||^||L°°(as2) = 2 fc M since h is homogeneous of 
degree k. Expanding h in a Taylor series about #2, 

(3.5) h(6)-h(6 2 )= £ ^^(6>-fc)«. 

l<[ce[<fc 



Evaluating (3.5) at = #i and applying the estimate (3.4), 

(3.6) |/i(0i)-M02)|< E 1 r — |0i-fcl H < A n , fe M|^ - 2 | 

l<|a|<fc 

where A n , k = (2 n+2 nk) k Ei<|a|< fc (« ! ) _1 - □ 

The next inequality roughly says that a spherical harmonic takes its "big values" on a 
"big piece" of the unit sphere. Here a denotes surface measure on S™- 1 with total mass 
(x(S' n_1 ) = cr n _! = nu n . 

Corollary 3.3. Let n > 2 and k > 1. There exists a constant l n ± > stzc/i that for every 
homogeneous harmonic polynomial h : W 1 — > K of degree k, 

(3.7) G S"" 1 : |/i(#)| > §IWU»(S»-i)} > Z n>it . 

Proo/. Choose # e S n_1 such that \h(9 )\ = Wh^^n-i) = M. By Proposition 

(3.8) \h(9)\ > \h(9 )\ - \h{9) - h(9 )\ > M(l - A n , k \9 - 9 \). 

If \9 - Q \ < l/2A nM then \h{9)\ > M/2. That is, the set {9 G S™" 1 : \h{9)\ > M/2} 
contains the surface ball A(6* , l/2A njk ). Thus = cr(A(9 , l/2A nk )) suffices. □ 

Thus the spherical harmonics of degree k satisfy a reverse Holder inequality. 



3.2 
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Corollary 3.4. Let n > 2 and k > 1. There exists a constant B n ^ > 1 such that for 
every homogeneous harmonic polynomial h : IR n — > IR of degree k, 

(3-9) |HU°=(S»-l) < S„ ifc ||/l|| £l( 5n-l). 

Proof. Let T = {6 e S™" 1 : \h{6)\ > Wi^ts*-^}. By Corollary 



3.3 



(3-10) IWUl(Sn-l) > ^ll/ilU-^n-l)^^) > ^||/l|U«.(S»-l) 

and 5 nj fc = 2/Z nfc suffices. □ 

4. Polynomial Harmonic Measures 
A harmonic polynomial h : IR n — > IR of degree d decomposes as 

(4.1) h = h d + h d ^ + --- + h 

where each non-zero term hi is a homogenous harmonic polynomial of degree i. Indeed if 
h = J2\ a \<d c °< xa * s an y polynomial then hi = J2^ =i c a x a satisfies (4.1). For harmonic h, 

(4.2) = Ah d + A/i d _! + • • • + Ah 2 . 



Since Ahi is the sum of monomials of degree i — 2, the right hand side of (4.2) vanishes 
only if Ahi = for all i < d. 

Recall that the collections V d and jF fe of polynomial harmonic measures were defined 

by 

• V d = {ujh '■ h is a non-zero harmonic polynomial of degree < d and h(0) = 0}, 

• !Fk = {cjfr : /i is a homogenous harmonic polynomial of degree k}. 

Our first observation is that V d and Tk fit into the framework of Section 2. 
Lemma 4.1. V d and J 7 ); are dilation invariant cones. 

Proof. Suppose that uo is associated to a harmonic polynomial h = h d + • • • + hi and 
let c, r > 0. We claim cTo ir [a;] is harmonic measure associate d to g(x) = cr n h(rx) where 
Ag = cr n+d Ah d -\ Vcr n+2 Ah 2 = by the remark following (Q. For any (p e C c °°(IR n ), 

g(x)A(p(x)dx = / cr n h(rx) A(p(x)dx = c / h(y)A(p(r~ 1 y)dy 

^ 43 ^ «{g>o} Jr-Hh>o} J{h>o} 

= c ip(r~ 1 y)duj(y) = c (p(x)dT 0>r [u](x) = c / ^(a;)(lTo ir [w](a;). 

i{/i=0} Jr^H^O} -^{9=0} 

Since g has the same degree as h and g is homogeneous if h is homogeneous, V d and ^-fc 
are dilation invariant cones. □ 

Here is a practical formula to compute Uh on balls B r centered at the origin in terms 
of the surface measure a on the boundary dB r . Throughout this section Q ± denotes the 
open sets of positive and negative values of h, fi ± = {/i ± > 0}. 

Lemma 4.2. Let h : W 1 — > IR be a harmonic polynomial, h(0) = 0. For any r > 0, 

C dh + r dh~ 

(4.4) u h (B r ) = / —da = / —da. 



dB r nn+ 9r JdB r nn- & r 
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If h is homogeneous of degree k, then 

(4.5) u h (B r ) = V^IHU^). 



Proof. By a result of Hardt and Simon [5] , the zero set of a harmonic polynomial is smooth 
away from a rectifiable subset of dimension at most n — 2. Hence, for any harmonic 
polynomial h : W 1 -> R with h(0) = 0, the set B r H fi ± is non-empty and has locally finite 
perimeter. By the generalized Gauss-Green theorem (c.f. Chapter 5 of [2]), 



(4.6) / [ 



± 

Ah ± = 

d{B r nn±) uu ^ J B r ndn± 



where u ± denotes the unique outer unit normal defined at cr-a.e. Q E d(B r n fi*). Thus, 
writing d{B r HQ.*) = (dB r n ft*) U (S r nffi^, 



(4.7) / ^rfa = - f f^da = u h {B r ) 

as desired. 



Summing the two formulas in (4.4) 



, dh + f dh , 

(4.8) 2u h {B r )= -^-da+ —da. 



dB r nn+ 9r JdB r nn- 9r 



If h(r0) = r k h(6), then d r h(r6) = kr h - x h{6) and r9 E fi ± if and only if 6 E ft*. Hence 
2u h (B r )= [ kr k - 1 h + (9)da + f kr k - l h~ {6)da 

= [ kr^lh^lda = kr n+k ~ 2 [ \h(6)\da 
whenever h is homogeneous of degree k. □ 



(4-9) 



A consequence of (4.5) is that the measures in T\ are uniformly doubling at the origin, 



i.e. for any uo E Tk and r > 0, 



(4.10) = 2" +fe - 2 < oo. 

We now investigate the doubling properties of measures associated to arbitrary harmonic 



polynomials. The inequality for spherical harmonics in Corollary 3.3 is key. 



Lemma 4.3. Let h : W 1 — > R be a harmonic polynomial of degree d > 1 with h(0) = 0. 
There exists t\ = r\{n, d, ((h)) > 1 such that for all r > r±, 

(4.11) l -f ■ dr^HM^-!) < WfcW < ^ • dr^Wh.W^^y 

Here ((h) = maxi< fc < d _i \\h k \\ L o ( S n-i)/\\hd\\L°°(s™-i) and n = 1 + 12cr n _iC(/i)/Z n ,d- 
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Proof. Without loss of generality assume that M = ||/id|U oo (s n - 1 ) = \\h 



that is, 



the maximum of the homogeneous part h d of h over S" 1 is obtained at a positive value. 
Writing h in polar coordinates, 

(4.12) h{r6) = r d h d (9) + r^h^O) + ■■■ + rh,(9), 
clh 

(4.13) —(r6) = dr d ~ l h d (9) + (d - l)r d - 2 h d ^(9) + ■■■ + h,(9). 



dr 



Let r > 1. Then - + •••+ (^) d 1 < irT = anc ^ with ((h) defined as above, 



(4.14) 



(4.15) 



r d - l h d ^ 1 (9) + --- + rh 1 (9) 



< MC(h) 



1 1 
- + ••• + 



d-l 



< 



M((h) 



(d-l)r d ^ 2 h d -i(9) + --- + h 1 (9) 



r.d-1 



< dM((h) (- + •••+ ' 



d-l 



< 



dM((h) 



If r9 G dB r n then h(rd) > and by pTl2) and gig , 
(4.16) hM>- rd ' lhd - l{e)+ d - +rhl{9) > 



M((h) 



Similarly, for all r > 1 and 9 G S 1 ™ -1 , by (j4.13p and (|4.15|) 
dr^ 1 ( fc d (0) 



(4.17) 



< r_ (r 0) < dr rf-i lh d (9)+ , 
r — I J or \ r — 11 



M((h) \ 



To estimate uih(B r ) for r ^> 1, we will combine (4.4), (4.16) and (4.17) with Corollary 3.3 
By the latter, the set r = {9 G S" ra_1 : h d (9) > M/2} has surface measure cr(T) > l n , d 
Note that rT C dB r nQ + p rovided r > l + 2((h), since h(r9) > r d (h d (9) - M ((h)/ (r - 1 j), 
again by {Ugh and (Oil). Put A r = (dB r n fi + ) \ rT. Then, by (O and $~17\, 



(4.18) w fc (B r ) > dr d - x [ (h d (9) - da 

(4 , 9) ,^ixf-^y^j(-^-^ 



where /i d (0) > M/2 on T by definition and h d (9) > -M((h)/(r-l) for r6> G A r by ( |4.16| > 
Since a(rT) > l n4 r n ~ x and cx(A r ) < o n _ x r n ~ x , 



(4.20) 
(4.21) 



w/i(B r ) > dr d - x M 



l nd r n - 1 + dr d - 1 M 

r — 1 J 



2CW\ 
r-lj 



n-l 



> dr 



n+d-2 



M 



l"n,< 



3a 



n-l 



cm 



i j 



Thus, ifr > !+12<7 Tt -iC(/t) /l n ,d, we obtain the lower bou nd u h (B r ) > (l n4 / A)dr n+d ~ 2 M . A 
similar (and easier!) estimate using the upper bound in ( 4.17[ ) shows if r > 1 + 2((h) then 
uJ h (B r ) < (3a n - 1 /2)dr n+d - 2 M. Therefore, it suffices to take n = 1 + 12<7„_iC(/0Am- □ 



As an immediate corollary of Lemma 4.3 we see that uJh(B r ) is doubling as r — > oo with 
doubling constants depending only on n and d in the following sense. 
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Theorem 4.4. There is a constant C n ^ > 1 such that for every r > 1 and every harmonic 
measure to associated to a harmonic polynomial h : W 1 — > R of degree d with h(0) = 0, 



(4.22) 



-n+d-2 



— < liminf 



< limsup 



oj(B r 



< C n dT 



n+d-2 



Proof. By Lemma 4.3| there exists r% > 1 depending on u such that for all r > n, 
(4.23) 



6cr n _i 

Thus, C n4 = Qo- n -i/ln,d suffices 



ln,d _^ n+ d-2 < ^{Brr) ^ 6ff n -l ^ n +d-2 



Uj(B r ) ' i n)0 



□ 



While the top degree term of the polynomial h determines the harmonic measure uJh(B r ) 
for large r, the non-zero term of lowest degree controls uJh{B r ) on small radii. 

Lemma 4.5. Suppose that h = h d + hd-x + ■ ■ ■ + hj is a harmonic polynomial with 
1 < j < d and hj ^ 0. There exists r-i = T2(n,j, C*(h)) < 1/2 sttc/i t/iat /or a// r < r2, 



(4.24) 



3o- n _i 



jV n+J 2 ||ft, i || i ao( fif n-l). 



4 " " J " v " , - ..v ./ - 2 

#ere C*(^) = max, +1 < fc < d ||Ml-(s™- 1 )/IIM£ 00 (S' 1 - 1 ) «^ r 2 = min(l/2, l n>j /72a n -iC*(h)). 
Proof. Without loss of generality assume that M = \\hj\\ 

l°°(s'™ — !) — || tij || l°° (5 n_1 ) i that is, 
the maximum of the homogeneous part hj of h over S 1 " --1 is obtained at a positive value. 
Writing h in polar coordinates, 

(4.25) h{r&) = r d h d {6) + ■■■ + r 1+l h j+1 (9) + r j hj(6), 



(4.26) 



<9r 



(r0) = dr d - l h d (6) + ■■■ + (] + l)r j h j+l (9) + jr j ~ 1 h j (9). 



Let r < 1/2. Then r + • • • + r d 3 < Y^Li r% = — ^ r anc ^ with C*(h) defined as above, 
r d h d (9) + ■ ■ ■ + ri +l h j+l (6) 



(4.27) 



/-J 



< MUh) (r d ~ j + ■ ■ ■ + r ) < 2M(*(h)r. 



Also, since (j +i)/2j < i for all i,j>l and 52i=i 
dr^ x h d {B) + • • • + (j + l)r% +l {9) 



(4.28) 



f3 



(1-r) 2 - ^' ' 
,d-j 



<MUh)(dr d -i + ■■■ + (] + l)r) 



■2jM^(h ) ( ^r d - j + ■■■ + j -^r ) < 2jM^{h)^ir i < 8jM^(h)i 



2j 



2j 



8=1 



If r9 e d5 r n then h{r6) > and by ( p>5) and ( gj7| ) 
(4.29) 



w > _r% w + ... + r ^ VlW 2 _ 2MC<(A)n 



'f.i 



Similarly, for all r < 1/2 and 9 e S n -\ by ( |4.26[ ) and ( ]4.28[ ), 

(4.30) jV" 1 (7^(0) - 8MC*(/i)r) < — (r0) < jr ] ~ l (hj{9) + 8M(»(/i)r) 
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By Corollary 3.3, the set T = {9 G S n 1 : hj(8) > M/2} has surface measure o~(T) > l n ^ . 
Note rT C dB r n Vt + if r < 1/4C*0), since h(r0) > r j {hj{9) -2M ( t (%), again by ( |4.25[ ) 
and g27|. Put A r = (dB r n \ rT. Then, by (Ob and p730|), 



(4.31) ^(^^jV'- 1 

(4.32) > j'r i_1 M 



(hj(6)-8MC*(h)r) da 



dB r nn+ 



l r [l~ 8C *^ r ) d(T + jrj ~ lM J A ( ~ 2C * 



-2C.(/i)r-8C.(/i)r) da, 



where 7^(0) > M/2 on T by definition and hj{6) > -2M(*(h)r for r6 e A r by ( jOg . 
Since cr(rr) > /„,jr n_1 and cr(A r ) < cr n _ 1 r n_1 , if r < l/16C,(/i) we obtain 

(4.33) u; fc (fl r ) > jr^M Q - 8C(/i)rJ Z^r™" 1 + jr-^M (-10C(/i)r) a^r"" 1 



(4.34) 



> jr n+J ~ 2 M 



^ - 18a„_iC*(/i)r 



Thus, if r < min(l/2, l n j/72cr n -i£*(h)), we get the lower bound 
(4.35) c^(5 r ) > {l n jA)jr n+ ^ 2 M. 

The estimate w fc (S r ) < (3a ra -i/2)j r n+J ~ 2 M for all r < min(l/2, 1/ 16^/ t)) follows easily 
from (4.4) and the upper bound in (4.30). Therefore, the estimates (4.24) for ujh{B r ) hold 
for all r < T2 with T2 = min(l/2, l n j/72a n -i(*(h)). □ 

Theorem 4.6. There is a constant c n j > 1 such that for every r > 1 and every harmonic 
measure u associated to a polynomial h — hd + h^-i + ■ • ■ + hj with 1 < j < d and hj ^ 0, 

T "~ J ~ 2 «(S T 



(4.36) 



< liminf 



< limsup 

Cj(S r ) r _ 



< C ■T n+i ~ 2 



Proof. By Lemma 4.5 there exists r^ < 1/2 depending on u; such that whenever rr < r2, 
(4.37) 

□ 



6cr n _i o;(5 r ) l n j 

Thus, c n j = 6o- n -i/l n j suffices. 

The next lemma generalizes Lemma 4.1 in [Hj; notice that the assumption {h > 0} and 
{h < 0} are NTA domains has been removed. 

Lemma 4.7. Suppose h : IR n — > R a harmonic polynomial of degree d > 1 wift /i(0) = ; 
and let uo be harmonic measure associated to h. There exists eo > depending only on n, 
d and k such that if d r {uj,Tk) < eo f or a ^ r > r o then d = k. 

Proof. Let r > 1 and choose r > r such that d Tr {uj,J-k) < Cq. Then there exists ip E 
such that F TT {tp) = 1 and 



(4-38) . 

\F Tr (u;) 

Hence, by the triangle inequality, 



CO 



*P)<F T 



10 



^ < eo- 



(4.39) 



F r (1>) - e < r< FM) + eo- 
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Since ip is associated to a homogeneous polynomial of degree k, say p, by Lemma 4.2 



(4.40) F r (V>)= / 



fe|blUi(5»-i) /" r C1 n+k-2 ds _ ^IblU 1 ^"- 1 ) 



2 7 2(n + k — l) 

for all r > 0. In particular, 1 = F rr (ip) = T n+k ~ 1 F r (ij;) . That is, 
(4.41) F r (V>) = r- n - fc+1 . 

Moreover, since {r /2)u{B r /2) < F r (u) < ru(B r ) for all r, by Theorem 4.4 

1 w(S r/2 ) ^ F r (uj) 2 w(B r 



ri+fe-l 



(4.42) 



< 



< 



(',,,, \2tJ ~ 2t u(B Tr ) ~ F T ,U 
for all r > n(h). Setting C = C n4 2 n+d - 1 > 1 

(4.43) 



< 



n+d-1 



F Tr (u;) 



for all r > r x . Combining (4.39), (4.41) and (4.43) yields 

(4.44) T -n-k+l _ £o < £ T -n-d+l £-l T -n-d + l < ^n-fc+i + ^ 

Equivalently, 



(4.45) r d - fc (l - r n+K - L e ) < C and r^l + T n+K - l e )~ l < C. 

Because C is independent of r, we can set r = 2C . Thus, for (2C) n+fe_1 e = 1/2, 



.n+k-l. 



Je-di 



n+fc-1 \-l 



(4.46) 



-(2cy 



On a moment's reflection one sees (4.46) is impossible if d ^ k. (For example, if d — k > 1, 



then C = \{2C) < \(2C) d - k <C. If k - d > 1, then fC 



|(2C) < ipc) k - d < C) 



Therefore, if <i r (u;, .Ffc) < eo = \(2C)~ 



n-fc+l 



for all r > ro then /i has degree k. 



□ 



For emphasis let us remark again that eo in Lemma [47f] only depends on the dimension, 
the degree d of the polynomial h and the degree k of the "homogeneous cone" jF fe . Taking 



the minimum of finitely many €q from Lemma 4.7 we obtain: 



Corollary 4.8. There is t\ = ex(n, d) > with the property if to &Vd and d r (cj, jF fc ) < t\ 
for all r > r with 1 < k < d then the degree of the polynomial associated to u is k. 

Corollary 4.9. There is €2 = £2(n,d) > with the property ifu&Vd and d r {oj,J-\) < £2 
for all r > ro then wG^j.. 



In order to invoke Theorem 2.12 the cones studied must satisfy a compactness condition. 
Recall that the basis of a dilation invariant cone Ai is {ip G M. : F\{ip) = 1}. 

Lemma 4.10. For eac/i > 1, jF fc /ias a compact basis. 

Proof. First we claim there exists a constant C = C(ra, k) < 00 such that the coefficients 
of any polynomial associated to a harmonic measure in the basis of Th are bounded by C. 
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Let uj G Tk satisfying Fi(u) = 1 be associated to the homogeneous harmonic polynomial 
h of degree k. By (4.5) and the definition of Fi, 



(4.47) 



u(B s )ds 



k 



2(n + k- V 



\h\ 



Since F\(u) = 1, ||/i||xi(s~-i) = 2(n + k — l)/k. Hence, by Corollary 3.4 



(4.48) 



L°°(S"- 1 ) 



>n,k 



2£ ra , fc (n + fc- 1) 
k 



If h{X) = E\ a \=k c «X a then \c a \ 
the mean value property for D a h and estimate (3.4) yield 

(4.49) 



\D a h(0)\/a\ < \D a h(0)\ by Taylor's formula. Then 



-*\ < / \D a h{6)\da{6) < sup \D a h{6)\ < {2 n+2 nkf\\h\ 

JS"- 1 6&S n ~ l 



L oo(gn-1). 



Combining (4.48) and (4.49) shows that \c a \ < C(n, k) for every coefficient of h. 

Now let uj 1 G Tk be any sequence of measures such that Fi(u l ) = 1, and let h l be the 
polynomial associated to uj % . By the argument above, the coefficients of h % are uniformly 
bounded. Hence from h l we can extract a subsequence h lj — > h 00 uniformly on compact 
subsets of lR n , where h°° is either identically zero or a homogeneous harmonic polynomial 
of degree k. (We will exclude the first possibility shortly). If cp G C^°{R n ), then 



(4.50) 



Thus <ji 



lim 



lim 

j-,oo 



(pdujh° 



tu^oo and since F^u 00 ) = lim^oo Fi(aA) = 1, h°° ^ 0. We have shown 



that for every sequence u/ G Tk with Fi(a;*) 
Therefore, has a compact basis. 



1 there is a subsequence u/ 



G ^. 
□ 



We do not know if the cone Vd has a closed or compact basis for d > 2. To implement 



the method of Lemma [4. 10| and show that Vd has a compact basis, one must find a way to 
control ||/i||ioc(5n-i) from the data Fi(u)h) = 1- On the other hand, to prove that Vd does 



not have a compact basis, by Proposition 2.13 it suffice to produce a sequence of measures 
u)i G Vd and radii > such that supj L0i{B 2ri ) / 0Ji{B r ^) = oo. Since polynomial harmonic 



measures are doubling near infinity (Theorem 4.4) and doubling near zero (Theorem 4.6) 



candidate radii must be selected from an intermediate range depending on £(h) and (h) . 
The main challenge lies in estimating u>h(B r ) on these middle scales. Since C(h)C*(h) < 1 
for every quadratic polynomial h, the final answer may depend on whether d = 2 or d > 3. 



5. Polynomial Tangent Measures are Homogeneous 

We now recast our focus to polynomial harmonic measures which appear as tangent 
measures of harmonic measure on NTA domains and take up the proof of Theorem 1.1. 
Jerison and Kenig introduced non-tangentially accessible domains in IR n as a natural class 
of domains on which Fatou type convergence theorems hold for harmonic functions [6]. 
Here the doubling of harmonic measure on NTA domains is combined with properties 



from Section 4 and a blow-up procedure from [TD] in order to invoke Theorem 2.12 
We start by recalling the definitions of NTA domains. 
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Definition 5.1. An open set f2 C M. n satisfies the corkscrew condition with constants 
M > 1 and R > provided for every Q G dQ and < r < i? there exists a non-tangential 
point A = A(Q,r) G f2 such that M _1 r < |A - Q\ < r and dist(A,dQ) > M _1 r. 

An M- non-tangential ball B(X, r) in a domain f2, is an open ball contained in f2 whose 
distance to dQ is comparable to its radius in the sense that 



For Xi,X 2 G f2 a Harnack chain form X[ to X 2 is a sequence of M-non-tangential balls 
such that the first ball contains X\, the last contains X 2 , and consecutive balls intersect. 

Definition 5.2. A domain Q C M n satisfies the Harnack chain condition with constants 
M > 1 and R > if for every Q G dQ and < r < R when X x , X 2 G ft n |) satisfy 



then there is a Harnack chain from Xi to X 2 of length Mfc such that the diameter of each 
ball is bounded below by M~ l min J= i i2 dist(Xj, dfl). 

Definition 5.3. A domain Q C 1R™ is non-tang entially accessible or NTA if there exist 
M > 1 and i? > such that (i) f2 satisfies the corkscrew and Harnack chain conditions, 
(ii) IR n \ Q satisfies the corkscrew condition. If dQ is unbounded then we require R = oo. 

A bounded simply connected domain Q C R 2 is NTA if and only if Q is a quasidisk (the 
image of the unit disk under a quasiconformal map of the plane). In higher dimensions, 
while every quasiball (the image of the unit ball under a quasiconformal map of 1R™, n > 3) 
is still a bounded NTA domain, there exist bounded NTA domains homeomorphic to a 
ball in IR n which are not quasispheres. The reader may consult jH] for more information. 
Also see [0] where it is shown that every 5-Reifenberg flat domain in IR n with 5 < 5 n is 
non-tangentially accessible. 

Harmonic measure on NTA domains is locally doubling. While Jerison and Kenig only 
considered bounded domains, their proof of this result extends to the unbounded case. 

Lemma 5.4 ([B] Lemmas 4.8, 4.11). Let Q C lR n be a NTA domain. There exists a 
constant C < oo depending on the NTA constants of Q such that if Q G dQ, < 2r < R 
andX Ett\ B(Q, 2Mr) then uj x {B(Q, 2s)) < Cu x {B(Q, s)) for allO<s<r. 

On an unbounded NTA domain there is a related doubling measure called harmonic 
measure with pole at infinity, which is obtained as the weak limit of harmonic measures 
lu x * (properly rescaled) as Xi — > oo. 

Lemma 5.5 ([TU] Lemma 3.7, Corollary 3.2). Let Vt dW 1 be an unbounded NTA domain. 
There exists a doubling Radon measure uj°° supported on dVL satisfying 



(5.1) 



ikTV < dist(B(X,r),dn) < Mr. 



(5.2) 



min distpfj, dCl) > e and \X X — X 2 \ < 2 h e 



(5.3) 




where 



(5.4) 



Am = 
u > 
u = 



in Q 
in Q 
on dQ. 
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The measure uj°° and Green function u are unique up to multiplication by a positive scalar. 
We call uj°° a harmonic measure of Q with pole at infinity. 

When a result about harmonic measure of a domain Q is independent of the choice of 
pole, we denote the measure by oj without any superscript. This means that when Q is 
unbounded we allow oj to have a finite pole or pole at infinity. 

Lemma 5.6. If 0, C M n is NTA and Q G dQ, then Tan(cu, Q) has a compact basis. 

Proof. At any point in the support, the tangent measures of an asymptotically doubling 



measure has a compact basis by Corollary 2.14 This is true on an NTA domain by 



Lemma 5.4 when oj has a finite pole and by Lemma 5.5 when oj has pole at infinity. □ 



On an NTA domain there is a correspondence between the tangent measures of harmonic 
measure and geometric blow-ups of the domain and boundary [10] . Let Q C M. n be a NTA 
domain, let Q G dfl and let j 0. For each i, zoom in on the domain, the boundary and 
the harmonic measure at Q and scale rf. 

(5.5) n, = ^, «i,= «^, a,, r ««M 



Theorem 5.7 (|10| Lemma 3.8). Let Q G W 1 be a NTA domain with harmonic measure 



oj, let Q G dVt and let [ 0. Define Vt i; dVti and oJi by (5.5). There exists a subsequence 



of Ti (which we relabel) and an unbounded NTA domain Vl^ C M. n such that 

(5.6) Qi — ► in Hausdorff distance sense uniformly on compact sets, 

(5.7) dQi — > dQoo in Hausdorff distance sense uniformly on compact sets. 
Moreover, 

(5.8) Ui -± Woo 

where is harmonic measure for with pole at infinity. 



Remark 5.8. The measure in Theorem 5.7 obtained as a weak limit of the blow-ups 



uj(B(Q, ri))~ l TQ jn [uj\ is a tangent measure of ui at Q. In fact, up to scaling by a constant, 
every tangent measure of u at Q has this form since u is doubling; c.f. [Hj Remark 14.4. 
Hence, since the blow-ups f2j of the domain Q do not depend on the pole of harmonic 
measure, the cone of tangent measures Tan(a;, Q) is also independent of the pole of uj. H 

The next lemma identifies the degree k of the cone appearing in Theorem 1.1. 

Lemma 5.9. Let Q C M. n be a NTA domain, let Q G dQ, and assume Tan(u;, Q) C Vd- 
If k is the minimum degree such that Vk H Tan(a;, Q) ^ 0, then Vk H Tan(u;, Q) C Tk- 

Proof. If k = 1, then V\ = T\. If A; > 2, suppose for contradiction that there exists 
z/ G Tan(c<j, Q) associated to a nonhomogeneous harmonic polynomial h of degree fc, say 



h = h k + /ifc-i + • • • + h j with j < k and fyj 7^ 0. By Theorem 5.7 (applied to and oj), 
either {x G lR n : h(x) > 0} or {x G lR n : h(x) < 0} is an unbounded NTA domain where v 
is a harmonic measure with pole at infinity for that domain. Without loss of generality, 
assume U = {x G MP : h(x) > 0} is an unbounded NTA domain and v is harmonic 
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measure on U with pole at infinity. Choose { 0. By Theorem 5.7| (now applied to U 



and u), there is a subsequence r { and an unbounded NTA domain such that 
(5.9) U i = -^U 00 and 017, = — -> 9^ 

in the sense of Hausdorff distance uniformly on compact sets and 



(5.10) 



Moreover, is harmonic measure with pole at infinity for U 
set of all i/6i n such that h(riy) = 0, i.e. 



Observe that dU; is the 



(5.11) 



r-h k (y) + r^hk-iiy) + ■■■ + rfh^y) = 0. 



Dividing by r\ and letting i - 
and Poo G Py. By Lemma 2.6 



oo, we see dU^ is the set of all y &W 1 such that hj(y) = 



z^oo G Tan(o;, Q) fl is a blow up of u; corresponding to a 
harmonic polynomial of degree j < k. This contradicts the minimality of k. Therefore, 
every blow up of uj at Q of minimum degree is homogeneous, i.e. PfcnTan(co>, Q) C T k . □ 

We now have all the pieces to prove Theorem 1.1. Recall: Let Q C M n be a NTA 
domain with harmonic measure uj. If Q G <9f2 and Tan(u;, Q) C Vd, then Tan(d;,Q) C T k 
for some 1 < k < d. 

Proof of Theorem 1.1. Let k = min{j : Vj fl Tan(u;, Q) ^ 0} < d and set 
(5.12) T = T k , M = Tan(cu, Q) U T k . 



Then T C .A/f and both d-cones have a compact basis by Lemma 4.10 and Lemma 5.6 



Since M. C Vd, Corollary 4.8| and Lemma 5J} together imply that there exists an e\ > 



such that for all G .M if d r (fji,J 7 k) < e i for all r > ro then /i G By Theorem 2.12 



(the connectedness of tangent measures), since Tan(a», Q) C M. and Tan(co>, Q) fl Tk ^ 0, 
we conclude Tan(a;,Q) C .F^. □ 



6. Blow-ups on 2-sided NTA Domains 

Definition 6.1. A domain Q C W 1 is two-sided non-tangentially accessible or 2-sided 
NTA iffl + = n and JT = M n \0 are NTA; i.e., there are M > 1 and R > such that Q ± 
satisfy the corkscrew and Harnack chain conditions, and if dQ is unbounded we require 
R = oo. 

Throughout this section we use the convention that if Q C W 1 is a 2-sided domain, 
then uj + is harmonic measure on the interior Q + = Q and uj~ is harmonic measure on the 
exterior Q~ = IR n \ Q of Q. If Q + or is unbounded, then we allow uj + or uj~ to have a 
finite pole or pole at infinity, respectively. 

There is a two-sided version of the blow-up procedure for NTA domains [UJ. Let 
n C R n be a 2-sided NTA domain, let Q G dQ and let r { \ 0. Let m ± be the Green 
function for fl^ 1 with the same pole as the harmonic measure uj . We zoom in on the 
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interior and exterior domains, boundary, harmonic measures and Green functions at Q 

along scales r,: 

(6.1) 

' ^ r % ' W « ^(SCg.r,))' 1 W ±(2J(Q,r 4 )) r< ' 

Theorem 6.2 ([II] Theorem 4.2). Lei ft C E n 6e a iV7!4 domain, Q e dtt and 

fj | 0. Define the sets Q { and dVLi, measures ujf and functions uf by (6.1). There is a 



subsequence o/r^ (which we relabel) and an unbounded 2-sided NTA domain such that 

(6.2) fi^ — > in Hausdorff distance uniformly on compact sets, 

(6.3) dfli — > dQ^ in Hausdorff distance uniformly on compact sets. 
Moreover, 

(6.4) uf - w* 



oo ) 



(6.5) u t^ M oo uniformly on compact sets 

where is harmonic measure with pole at infinity for Q ± and Green function u^. 

Two more definitions are necessary. 

Definition 6.3. Let Q C lR n be a NTA domain with harmonic measure uj. We say that 
/ G L\ oc (duj) has bounded mean oscillation with respect to uj, i.e. / G BMO(cL;) if 

(6.6) sup sup I + |/ — fQ tr \ 2 doj I < oo 

r>0 QedU \JB(Q,r) J 

where f Q>r = j B{Q r) fdu. 

Definition 6.4. Let fi C I" be a NTA domain with harmonic measure uj. Let VMO(gL>) 
denote the closure of the set of bounded uniformly continuous functions defined on dQ in 
BMO(gL>). If / G VMO(gL>) we say / has vanishing mean oscillation. 

Polynomial harmonic measures appear as tangent measures on domains with mutually 
absolutely continuous interior and exterior harmonic measures. 

Theorem 6.5. Let Q C M. n be a 2-sided NTA domain with interior harmonic measure 
uj + and exterior harmonic measure uj~ . Assume that uj + <C uj~ <C uj + and f = du>~ /duj + 
satisfies log / G VMO(gLj + ). There exists d > 1 depending on n and the NTA constants 
of Q such that Tan(u; + , Q) = Tan(u;~, Q) C Vd for all Q G dfl. 

Proof. Under the same hypothesis, Theorem 4.4 in [U] concludes that, in the notation of 
Theorem 6.2 above, cj+ = cj~ and u = u^ — u^ is a harmonic polynomial. The proof that 
u is a polynomial shows there exists d > 1 determined by n and the NTA constants of Q 
such that u has degree at most d. The correspondence between tangent measures and the 



blow-ups of Green functions in Theorem 6.2 implies Tan(c<j + , Q) = Tan(c<j , Q) C Vd- D 



The self-improving property of tangent measures in Theorem 1.1 yields: 
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Corollary 6.6. Let C M. n be a 2-sided NTA domain with interior harmonic measure 
uj + and exterior harmonic measure uo~ . Assume that uj + <C uj~ <C uo + and f = duo~ /duj + 
satisfies log / G VMO(dw + ). There exists d > 1 depending on n and the NTA constants 
of Q and pairwise disjoint sets Ti, . . . , such that 

(6.7) dn = T 1 U---UT d , 

where Tan(a; + , Q) = Tan(u;~, Q) C J-'k for all 1 < k < d and Q G IV 



The decomposition of the boundary in Corollary |6.6| has an extra interpretation from 



the geometric measure theory viewpoint. Unfortunately the proof of Theorem 2.7 does not 
provide a certificate to check at which points in the support of a measure the translations 
of tangent measures are tangent measures. But the corollary identifies the points in the 
support of harmonic measure where this behavior occurs. To state the result, we first 
write down a precise definition of the desired property. 

Definition 6.7. Let A4 be a cone of non-zero Radon measures on IR n . We say that Ai 
is translation invariant if T^l/x] G A4 for all fi G M. and all x G spt^u. 



Proposition 6.8. Let Q be as in Corollary 6.6 Then the cone Tan(dj =t , Q) is translation 
invariant if and only if Q G IV 

Proof. If /i is a flat measure, then T^il/t] = fi for every x G spt/z. Hence Tan(cc; ± , Q) C T\ 
is translation invariant for every Q G IY 

Conversely, assume Tan(u; ± ,(5) C Tk is translation invariant and let v G Tan(u; ± ,Q). 
Then sptz/ = ft> _1 (0) for some harmonic polynomial h. By [5] the zero set of a harmonic 
polynomial is smooth away from a rectifiable subset of dimension at most n — 2. Hence, 
sptz/ is smooth at some x G sptz/. Because T^Jz/] G Tan(a; ± ,Q) and sptTj.^fv] = sptz/ — x, 
we conclude there exists a G Tan(o; ± ,(5) C Tk such that spta is smooth at 0. But the 
zero set of a non-zero homogeneous polynomial of degree k (the support of a = T x i[v]) is 
smooth at only if k — 1. Therefore, Tan(dj =l: , Q) C .Fi and Q G IY □ 



Corollary 6.9. Lei 5e as in Corollary 6.6 If d > 2, then u^fa U • • • Ul d ) = 0. 



Proof. By Theorem 2.7, the cone Tan(dj ± ,(5) of tangent measures at Q is translation 
invariant for a^-a.e. Q G dQ. Since this property fails at all Q G T 2 U • • • U T d , the set 
must have zero harmonic measure. □ 

We can now record: 

Proof of Theorem 1.3. Let Q C M. n be a 2-sided NTA domain such that u + <C uj~ <C cj + 



and logcLj /gLj + G VMO(<icG> + ). By Corollary 6.6 we can write dVt — Ti U • • • Ulrf where 
Tan(u; ± , Q) C ^ for all Q G (and d only depends on n and the NTA constants of Q). 



By Corollary |o| ^(dfi \ T{) = c^QY U ••• U T d ) = 0. 



Suppose that Q eT k and we are given rj j 0. By Theorem 6.2, there is a subsequence 



of rj (which we relabel) such that u + (B(Q, rj)) 'Tq^Ju+J — ^ c<j+ G Tan(co> + ,Q) and 

(6.8) — — > sptcui, in Hausdorff distance uniformly on compact sets. 

Since c<j+ G Tk-, there exists a homogeneous harmonic polynomial /i : IR n — >• IR of degree k 
such that sptu;+ = /i _1 (0). □ 
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Remark 6.10. One can also apply Theorem 1.1 to tangent measures on two-sided domains 
without any assumptions on the Radon-Nikodym derivative du~ / du + . Let Q C W 1 be an 
arbitrary 2-sided NTA domain. First we recall the definition of the set T C dQ from [S] . 
By the differentiation theory of Radon measures, 

(6.9) h(Q) = lim U l[ B R { % r \\ e [0, oo] 
exists at u^-a.e. Q G dfl. Let 

(6.10) A = {Q G dtt : /i(Q) exists, < h{Q) < oo}. 

It is easily seen that uj + <C oj~ <C u + on A and oj + _L u~ on dVL \ A. (Note that [8] uses 
the notation 'Ai' for A. They also define sets A2, A3 and A4 which we do not need here.) 
To define V we restrict our attention to density points of A and h: 

(6.11) r = {Q G A : Q is a density point of A and a Lebesgue point of h w.r.t. 

Note T agrees with A up to a set of lo measure zero and any subset A C dVt such that 
uj + L A < L A < u + L A can be written as A = 5 U N where ur^Af) = and B cT. 
Thus, up to a set of cu measure zero, T is the maximal "mutually absolutely continuous" 



piece of d£l. By Theorems 3.3 and 3.4 in [H] (analogously to Theorems 6.2 and 6.5), there 
exists d > 1 such that Tan(o; + ,Q) = Tan(uj~,Q) C if Q G T. Hence, by Theorem 1.1, 

(6.12) r = riu---ur d , 

where for each Q G T k , Tan(u; + , Q) = Tan(c<j~, Q) C T^. 

In particular, if Q C M n is a 2-sided NTA domain and uj + <C u; + , then 

(6.13) 9n = ruiv = riu---ur (i uiv 

where c t ; ± (A^) = and Tan(cu + , Q) = Tan(tt;~, Q) C JF fc for each Q G H 
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